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Introduction
Let N = {, , , . . .} and Z + = N ∪ {}. For a fixed r ∈ Z + , the nth Bernoulli polynomials are defined by the generating function to be t e t - 
Thus, by () we get the Euler-type sums of products of Bernoulli numbers as follows:
By () and (), we see that B
(r)
n (x) is a monic polynomial of degree n with coefficients in Q. From (), we note that
and
Let denote the space of real-valued differential functions on (-∞, ∞) = R. Now, we define three linear operators I, , D on as follows:
Then we see that
n } is the most natural basis for this space. But {B
n (x)} is also a good basis for the space P n for our purpose of arithmetical and combinatorial applications.
Let p(x) ∈ P n . Then p(x) can be generated by B (r)
n (x) as follows:
In this paper, we develop methods for uniquely determining a k from the information of p(x). From those methods, we derive some interesting identities of higher-order Bernoulli polynomials.
Higher-order Bernoulli polynomials
For r = , by (), we get B
For a fixed r ∈ Z + , p(x) can be generated by B (r)
From () and (), we can derive the following identities:
By () and (), we get
It is easy to show that
By () and (), we get
From () and (), we note that
Thus, by () we get
Hence, from () we have
By (), we get
Case . Assume that r ≤ n.
(ii) For r ≤ k ≤ n, by () we see that
Therefore, by (), (), () and (), we obtain the following theorem.
Theorem  (a) For r > n, we have
k (x). http://www.journalofinequalitiesandapplications.com/content/2013/1/111
Let us take p(x) = x n ∈ P n . Then x n can be expressed as a linear combination of
n . For r > n, we have
Therefore, by Theorem  and (), we obtain the following corollary.
Corollary  For n, r ∈ Z + with r > n, we have
Let us assume that r, n ∈ Z + with r ≤ n. Observe that
Thus, by Theorem  and (), we obtain the following corollary.
Corollary  For n, r ∈ Z + with r ≤ n, we have
n (x)} as follows:
For r > n, we have
Thus, by Theorem  and (), we obtain the following theorem. http://www.journalofinequalitiesandapplications.com/content/2013/1/111
Theorem  For r, n, s ∈ Z + with r > n, we have
In particular, for r = s, we have
By comparing coefficients on the both sides of (), we get
Therefore, by (), we obtain the following corollary.
Let us assume that r ≤ n in (). Then we have
Therefore, by Theorem , () and (), we obtain the following theorem.
Theorem  For r, n ∈ Z + with r ≤ n, we have
n (x) (s ∈ Z + ) be Euler polynomials of order s. Then E For r, n ∈ Z + with r ≤ n, we have
